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J-CLASS ABELIAN SEMIGROUPS OF
MATRICES ON Cn AND HYPERCYCLICITY
ADLENE AYADI AND HABIB MARZOUGUI
Abstract. We give a characterization of hypercyclic finitely generated
abelian semigroups of matrices on Cn using the extended limit sets (the
J-sets). Moreover we construct for any n ≥ 2 an abelian semigroup
G of GL(n,C) generated by n + 1 diagonal matrices which is locally
hypercyclic but not hypercyclic and such that JG(ek) = C
n for every
k = 1, . . . , n, where (e1, . . . , en) is the canonical basis of C
n. This gives
a negative answer to a question raised by Costakis and Manoussos.
1. Introduction
Let Mn(C) be the set of all square matrices over C of order n ≥ 1 and
by GL(n,C) the group of invertible matrices of Mn(C). Let G be a finitely
generated abelian sub-semigroup ofMn(C). For a vector v ∈ C
n, we consider
the orbit of G through v: G(v) = {Av : A ∈ G} ⊂ Cn. A subset E ⊂ Cn
is called G-invariant if A(E) ⊂ E for any A ∈ G. The orbit G(v) ⊂ Cn is
dense in Cn if G(v) = Cn, where E denotes the closure of a subset E ⊂ Cn.
The semigroup G is called hypercyclic if there exists a vector v ∈ Cn such
that G(v) is dense in Cn. Hypercyclic is also called topologically transitive.
We refer the reader to the recent book [3] and [7] for a thorough account
on hypercyclicity. In [5], Costakis and Manoussos introduced the concept
of extended limit set to G: Suppose that G is generated by p matrices
A1, . . . , Ap (p ≥ 1) then for x ∈ C
n, we define the extended limit set JG(x)
of x under G to be the set of y ∈ Cn for which there exists a sequence
(xm)m ⊂ C
n and sequences of non-negative integers {k
(j)
m : m ∈ N} for
j = 1, 2, . . . , p with
(1.1) k(1)m + k
(2)
m + · · · + k
(p)
m → +∞
such that xm → x and A
k
(1)
m
1 A
k
(2)
m
2 . . . A
k
(p)
m
p xm → y.
Note that condition (1.1) is equivalent to having at least one of the se-
quences {k
(j)
m : m ∈ N} for j = 1, 2, . . . , p containing a strictly increasing
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subsequence tending to +∞. We say that G is locally hypercyclic if there
exists a vector v ∈ Cn\{0} such that JG(v) = C
n. This notion is a “localiza-
tion“ of the concept of hypercyclicity, this can be justified by the following:
JG(x) = C
n if and only if for every open neighborhood Ux ⊂ C
n of x and ev-
ery nonempty open set V ⊂ Cn there exists A ∈ G such that A(Ux)∩V 6= ∅.
In Cn, no matrice can be locally hypercyclic (see [4]). However, what is
rather remarkable is that in Cn or Rn, a pair of commuting matrices exists
which forms a locally hypercyclic, non-hypercyclic semigroup.
The main purpose of this paper is twofold: firstly, we give a characteriza-
tion of hypercyclic finitely generated abelian semigroup of Mn(C) through
the use of the extended limit sets. We show that G is hypercyclic if and only
if there exists a vector v in an open set V , defined according to the structure
of G, such that JG(v) = C
n (Theorem 1.2). Secondly, we answer negatively
(Theorem 1.5) the following question raised by Costakis and Manoussos in
[5]: is it true that a locally hypercyclic abelian semigroup G generated by
matrices A1, . . . , Ap is hypercyclic whenever JG(uk) = C
n, k = 1, . . . , n, for
a basis (u1, . . . , un) of C
n? However, we prove that the question is true (see
Proposition 1.6) for any abelian semigroup G consisting of lower triangular
matrices on Cn with all diagonal elements equal.
Before stating our main results, let introduce the following notations and
definitions. Denote by:
• B0 = (e1, . . . , en) the canonical basis of C
n.
• N0 = N\{0}.
• In the identity matrix on C
n.
Let n ∈ N0 fixed. For each m = 1, 2, . . . , n, denote by:
• Tm(C) the set of matrices over C of the form:


µ 0
a2,1
. . .
...
. . .
. . .
am,1 . . . am,m−1 µ

 (1)
• T∗m(C) = Tm(C) ∩ GL(m,C) the group of matrices of the form (1) with
µ 6= 0.
Let r ∈ N and η = (n1, . . . , nr) be a sequence of positive integers such that
n1 + · · ·+ nr = n. In particular, r ≤ n.
Denote by
• Kη,r(C) := Tn1(C)⊕ · · · ⊕ Tnr(C).
• K∗η,r(C) := Kη,r(C) ∩GL(n, C).
• U :=
r∏
k=1
(C∗ × Cnk−1).
• vT the transpose of a vector v ∈ Cn.
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• u0 = [e1,1, . . . , er,1]
T ∈ Cn where ek,1 = [1, 0, . . . , 0]
T ∈ Cnk , k = 1, . . . , r.
Given any abelian sub-semigroupG ofMn(C), we introduce the triangular
representation for G.
Proposition 1.1. ([2], Proposition 2.2) Let G be an abelian sub-semigroup
of Mn(C). Then there exists a P ∈ GL(n,C) such that PGP
−1 ⊂ Kη,r(C),
for some η ∈ (N0)
r and r ∈ {1, . . . , n}.
This reduces the existence of a dense orbit to a question concerning sub-
semigroups of Kη,r(C). For such a choice of matrix P , we let:
• v0 = Pu0.
• V = P (U), it is a dense open set in Cn.
Our principal results are the following:
Theorem 1.2. Let G be a finitely generated abelian semigroup of matrices
on Cn. If JG(v) = C
n for some v ∈ V then G(v) = Cn.
Corollary 1.3. Under the hypothesis of Theorem 1.2, the following are
equivalent:
(i) G is hypercyclic.
(ii) JG(v0) = C
n.
(iii) G(v0) = C
n.
Corollary 1.4. Under the hypothesis of Theorem 1.2, if G is not hypercyclic
then E := {x ∈ Cn : JG(x) = C
n} ⊂
r⋃
k=1
Hk, (r ≤ n) where Hk are G-
invariant vector subspaces of Cn with dimension n− 1.
Remark. In the case n = 1, we have V = C∗ and by Theorem 1.2, we
conclude that a sub-semigroup G of C is hypercylic if and only if it is locally
hypercyclic.
Theorem 1.5. Let n ≥ 2 be an integer. Then there exists an abelian semi-
group G generated by diagonal matrices A1, . . . , An+1 ∈ GL(n,C) which is
not hypercyclic such that JG(ek) = C
n for every k = 1, . . . , n.
Proposition 1.6. Let G be an abelian sub-semigroup of Tn(C). If there
exists a basis (e′1, . . . , e
′
n) of C
n such that JG(e
′
k) = C
n for every k = 1, . . . , n,
then G is hypercyclic.
4 ADLENE AYADI AND HABIB MARZOUGUI
2. Preliminaries and basic notions
Let G be a sub-semigroup of Tn(C). Every element B ∈ G is written in the
form
B =
[
B(1) 0
LB µB
]
with B(1) ∈ Tn−1(C), LB ∈M1,n−1(C) and µB ∈ C.
Denote by
- G(1) = {B(1) : B ∈ G}.
- FG = vect
(
{(B − µBIn)ei ∈ C
n : 1 ≤ i ≤ n − 1, B ∈ G}
)
the vector
subspace generated by the family of vectors{
(B − µBIn)ei ∈ C
n : 1 ≤ i ≤ n− 1, B ∈ G
}
.
- rank(FG) the rank of FG. We have rank(FG) ≤ n− 1.
For every x = [x1, . . . , xn]
T ∈ Cn, we let x(1) = [x1, . . . , xn−1]
T ∈ Cn−1 . We
have x = [x(1), xn]
T and ek = [e
(1)
k , 0]
T , k = 1, . . . , n− 2.
- F
(1)
G = vect
(
{(B(1) − µBIn−1)e
(1)
k : 1 ≤ k ≤ n− 2, B ∈ G}
)
.
For every B ∈ Kn,r(C), write B = diag (B1, . . . , Br) where Bk ∈ Tnk(C).
If G is an abelian sub-semigroup of Kn,r(C), denote by:
Gk = {Bk : B ∈ G}, it is an abelian sub-semigroup of Tnk(C).
For every x = [x1, . . . , xr]
T ∈ Cn where xk = [xk,1, . . . , xk,nk ]
T ∈ Cnk ,
we let:
- Hxk = Cxk + FGk , k = 1, . . . , r.
- Hx =
r⊕
k=1
Hxk .
We start with the following lemmas:
Lemma 2.1. Let G be an abelian sub-semigroup of Kη,r(C). Under the
notations above, for every x ∈ Cn, Hx is G-invariant.
Proof. It suffices to prove that Hxk is Gk-invariant: write x = xk and
G = Gk. In this case Hx = Cx+FG. Let w = [w1, . . . , wn]
T ∈ Hx and B ∈ G
with eigenvalue µ. We have Bw = µw+(B−µIn)w = µw+
n−1∑
i=1
wk(B−µIn)ei.
Since w, (B−µIn)ei ∈ Hx and Hx is a vector space, we have Bw ∈ Hx. 
Proposition 2.2. Let G be an abelian sub-semigroup of Kη,r(C) generated
by A1, . . . , Ap. If JG(u) = C
n for some u ∈ U then for every k = 1, . . . , r,
rank(FGk) = nk − 1.
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Proof. Write u = [u1, . . . , ur]
T , uk ∈ C
∗ × Cnk−1, Aj = diag(Aj,1, . . . , Aj,r),
Aj,k ∈ Tnk , j = 1, . . . , p; k = 1, . . . , r. First, we will show that
JGk(uk) = C
nk . For this, let xk ∈ C
nk and y = [y1, . . . , yr]
T ∈ Cn such that
yi = 0 ∈ C
ni if i 6= k and yk = xk. As JG(u) = C
n, there exist two sequences
(xm)m ⊂ C
n and (Bm)m ⊂ G such that
lim
m→+∞
xm = u and lim
m→+∞
Bmxm = y. (1)
Write xm = [xm,1, . . . , xm,r]
T , xm,k ∈ C
nk and Bm = diag(Bm,1, . . . , Bm,r),
Bm,k ∈ Tnk(C), k = 1, . . . , r. By (1), we have
lim
m→+∞
xm,k = uk and lim
m→+∞
Bm,kxm,k = yk = xk.
Therefore xk ∈ JGk(uk). It follows that JGk(uk) = C
nk .
Second, one can then suppose that G ⊂ Tn(C) and u ∈ C
∗×Cn−1. It is clear
that u /∈ FG. By Lemma 2.1, Hu = Cu + FG is G-invariant. Assume that
C
n\Hu 6= ∅, so let y ∈ C
n\Hu. Then there exist two sequences (xm)m ⊂ C
n
and (Bm)m ⊂ G such that lim
m→+∞
xm = u and lim
m→+∞
Bmxm = y. Let
Hxm = Cxm + FG for every m ∈ N. By Lemma 2.1, Hxm is G-invariant, so
Bmxm ∈ Hxm , for every m ∈ N. Write Bmxm = αmxm + zm, αm ∈ C and
zm ∈ FG. We distinguish two cases:
• If (αm)m is bounded, one can suppose by passing to a subsequence,
that (αm)m≥1 is convergent, say lim
m→+∞
αm = a ∈ C. It follows that
lim
m→+∞
zm = y − au ∈ FG and so y ∈ Hu, a contradiction.
• If (αm)m is not bounded, one can suppose by passing to a subsequence,
that lim
m→+∞
|αm| = +∞, then lim
m→+∞
1
αm
zm = −u ∈ FG, a contradiction. We
conclude that Hu = C
n and so dim(FG) = n− 1. 
3. Proof of Theorem 1.2, Corollaries 1.3 and 1.4
Let recall the following results.
Proposition 3.1. ([1], Proposition 5.1) Let G be an abelian sub-semigroup
of Tn(C), n ≥ 1. If rank(FG) = n − 1, then there exists an injective linear
map ϕ : Cn −→ Tn(C) such that:
(i) for every v ∈ Cn, ϕ(v)e1 = v
(ii) G ⊂ ϕ(Cn).
The map ϕ in Proposition 3.1 can be precise, from the proof of ([1], Propo-
sition 5.1), as follows:
6 ADLENE AYADI AND HABIB MARZOUGUI
Corollary 3.2. Under the hypothesis of Proposition 3.1, and for n ≥ 2,
there exists a linear map η : Cn−1 −→ Cn−2 such that for every
v = [v1, . . . , vn]
T ∈ Cn, ϕ(v) =
[
ϕ(1)(v(1)) 0[
vn, (η(v
(1)))T
]T
v1
]
, with
v(1) = [v1, . . . , vn−1]
T ∈ Cn and ϕ(1) : Cn−1 −→ Tn−1(C) is the injective
linear map associated to G(1) given by Proposition 3.1.
Lemma 3.3. Let G be an abelian sub-semigroup of Tn(C), n ≥ 1. Suppose
that rank(FG) = n − 1. Let u, v ∈ C
∗ × Cn−1, (um)m∈N in C
∗ × Cn−1 and
(Bm)m∈N in G such that lim
m→+∞
um = u and lim
m→+∞
Bmum = v. If (B
(1)
m )m∈N
is bounded then (Bm)m∈N is bounded.
Proof. By Proposition 3.1, there exists an injective linear map
ϕ : Cn −→ Tn(C) such that G ⊂ ϕ(C
n) and ϕ(w)e1 = w for every w ∈ C
n.
Write Bm = ϕ(wm), wm = [zm,1, . . . , zm,n]
T ∈ Cn. By Corollary 3.2, we
have
Bm = ϕ(wm) =

 ϕ(1)(w(1)m ) 0[
zm,n, (η(w
(1)
m ))T
]T
zm,1

 ,
where ϕ(1) is the injective linear map associated to G(1) and
η : Cn−1 −→ Cn−2 is a linear map. Then w
(1)
m = ϕ(1)(w
(1)
m )u
(1)
0 = B
(1)
m u
(1)
0
and thus (w
(1)
m )m≥1 is bounded. So (η(w
(1)
m ))m≥1 and (zm,1)m≥1 are also
bounded. Write um = [um,1, . . . , um,n]
T ∈ C∗ × Cn−1. Then we have
lim
m→+∞
um,1 = u1 6= 0 and lim
m→+∞
zm,num,1 = v1 6= 0. Thus lim
m→+∞
zm,n =
v1
u1
and so (zm,n)m≥1 is bounded. We deduce that (Bm)m∈N is bounded, this
completes the proof. 
Lemma 3.4. Let G be an abelian sub-semigroup of Tn(C) such that
rank(FG) = n − 1. Let u, v ∈ C
∗ × Cn−1. If two sequences (um)m∈N in
C
∗×Cn−1 and (Bm)m∈N in G such that lim
m→+∞
um = u and lim
m→+∞
Bmum = v
then (Bm)m∈N is bounded.
Proof. The proof is done by induction on n. For n = 1, we have
um ∈ C
∗, Bm = λm ∈ C and u, v ∈ C
∗. The conditions lim
m→+∞
um = u and
lim
m→+∞
Bmum = v show that lim
m→+∞
Bm =
v
u
, hence (Bm)m∈N is bounded.
Suppose the Lemma is true up to dimension n− 1 and let G be an abelian
sub-semigroup of Tn(C). Let u, v ∈ C
∗ × Cn−1, (um)m∈N a sequence in
C
∗ × Cn−1 and (Bm)m∈N a sequence in G such that lim
m→+∞
um = u and
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lim
m→+∞
Bmum = v. We let u = [u1, . . . , un]
T , v = [v1, . . . , vn]
T and
um = [um,1, . . . , um,n]
T ∈ Cn. We have lim
m→+∞
u
(1)
m = u(1) and
lim
m→+∞
B
(1)
m u
(1)
m = v(1). The set G(1) is an abelian sub-semigroup of Tn−1(C)
and rank(FG(1)) = n− 2. By induction hypothesis applied to G
(1) on Cn−1,
the sequence (B
(1)
m )m∈N is bounded. Therefore, by Lemma 3.3, (Bm)m is
bounded. 
Corollary 3.5. Let G be an abelian sub-semigroup of Kη,r(C) generated
by A1, . . . , Ap, p ≥ 1. Suppose that rank(FGk ) = nk − 1, k = 1, . . . , r.
If x, y ∈ U and two sequences (Bm)m ⊂ G and (xm)m ⊂ C
m such that
lim
m→+∞
xm = x and lim
m→+∞
Bmxm = y then (Bm)m is bounded.
Proposition 3.6. [5] Let G be an abelian sub-semigroup of Mn(C) generated
by A1, . . . , Ap, p ≥ 1. Then G is hypercyclic if and only if JG(x) = C
n for
every x ∈ Cn.
Proof of Theorem 1.2. One can assume, by Proposition 1.1, that G is a sub-
semigroup of Kη,r(C). Suppose that JG(u) = C
n where u ∈ U . Then by
Proposition 2.2, rank(FGk) = nk−1, for every k = 1, . . . , r. Let y ∈ U , then
there exist two sequences (Bm)m ⊂ G and (xm)m ⊂ C
n satisfying:
lim
m→+∞
xm = u and lim
m→+∞
Bmxm = y.
So by Corollary 3.5, (Bm)m≥1 is bounded: ‖Bm‖ ≤ M for some M > 0
where is ‖.‖ is the Euclidean norm on Cn. Then
‖Bmu− y‖ = ‖Bmv −Bmxm +Bmxm − y‖
≤ ‖Bmu−Bmxm‖+ ‖Bmxm − y‖
≤ ‖Bm‖‖u− xm‖+ ‖Bmxm − y‖
≤M‖u− xm‖+ ‖Bmxm − y‖
Thus lim
m→+∞
Bmu = y and so y ∈ G(u). It follows that U ⊂ G(u) and as
U = Cn, we get G(u) = Cn. 
Proof of Corollary 1.3. (i) =⇒ (ii) follows from Proposition 3.6.
(ii) =⇒ (iii) : this results from Theorem 1.2. (iii) =⇒ (i): is clear.
Proof of Corollary 1.4. If G is not hypercyclic then by Theorem 1.2,
JG(v) 6= C
n for any v ∈ V , thus V ∩E = ∅ and therefore E ⊂ Cn\V =
r⋃
k=1
Hk
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withHk = P
( {
x = [x1, . . . , xr]
T , xi ∈ C
ni , if i 6= k, and xk ∈ {0} × C
nk−1
} )
.

4. Proof of Theorem 1.5 and Proposition 1.6
For the proof of Theorem 1.5, we will make use of the following result:
Lemma 4.1. [6]. If a ∈ C with |a| > 1, then there is a dense set
∆a ⊂ {z ∈ C, |z| < 1} such that for any b ∈ ∆a, we have that
{akbl : k, l ∈ N} is dense in C.
Proof of Theorem 1.5. Let a ∈ C with |a| > 1. By Lemma 4.1, there exists
b ∈ C with
1
|a|
< |b| < 1 such that {akbl : k, l ∈ N} is dense in C. Consider
the abelian sub-semigroup G of K∗η,r(C) generated by B,A1, . . . , An, where
B = bIn and Ak = diag(a, . . . . . . , a︸ ︷︷ ︸
(k−1)−terms
, 1, a . . . , a), k = 1, . . . , n.
• First, we will show that G is not hypercyclic: for this, it is equivalent to
prove, by Corollary 1.3, that G(u0) 6= C
n where u0 = [1, . . . , 1]
T : We have
G(u0) =
{
[bmak2 . . . akn ; bmak1ak3 . . . akn ; . . . . . . ; bmak1 . . . akn−1 ]T : m,k1, . . . , kn ∈ N
}
Observe that for every x = [x1, . . . , xn]
T ∈ G(u0), we have
xi
xn
= akn−ki ,
i = 1, . . . , n. So G(u0) ⊂ F where
F =
{[
aℓ1λ; aℓ2λ; . . . . . . ; aℓnλ
]T
: λ ∈ C, ℓ1, . . . , ℓn ∈ Z
}
.
We set
Dk = diag(1, . . . . . . , 1︸ ︷︷ ︸
(k−1)−terms
, a, 1 . . . , 1), k = 1, . . . , n
and
∆ = {[λ, . . . , λ]T : λ ∈ C}.
Then we have
F =
⋃
ℓi∈Z
1≤i≤n
Dℓ11 . . . D
ℓn
n (∆).
It is plain that F = F ∪
n⋃
k=1
Ek, where
Ek = {x = [x1, . . . , xn]
T : xi ∈ C, if i 6= k and xk = 0}.
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Since
◦
Ek = ∅, it follows that
◦︷ ︸︸ ︷
n⋃
k=1
Ek = ∅, where
◦
M denotes the interior of a
subset M ⊂ Cn. Moreover, since
◦︷ ︸︸ ︷
Dk11 . . . D
kn
n (∆) = ∅, it follows, by Baire’s
theorem, that
◦
G(u0) = ∅ and so G(u0) 6= C
n.
• Second, we will show that JG(ek) = C
n for every k = 1, . . . , n. Fix a vector
y = [y1, . . . , yn]
T ∈ Cn. Choose two sequences of positive integers (im)m∈N
and (jm)m∈N with im, jm → +∞ such that lim
m→+∞
aimbjm = yk. As n ≥ 2,
one can choose s ∈ {1, . . . , n} such that s 6= k. We let Bm = A
im
s B
jmAjmk .
Then we have Bm = diag(am,1, . . . , am,n)
where
am,l =


aimajmbjm if l 6= k, s
ajmbjm if l = s
aimbjm if l = k
Hence, lim
m→+∞
am,k = yk (3). Moreover, since
1
|a|
< |b| < 1, we have
lim
m→+∞
am,l = +∞ for every l 6= k and hence lim
m→+∞
xm = ek. We set
xm = (xm,1, . . . , xm,n) where
xm,l =
{
yl
am,l
if l 6= k
1 if l = k
Then Bmxm = (y1, . . . , yk−1, am,k, yk+1, . . . , yn), and by (3), it follows that
lim
m→+∞
Bmxm = y. We conclude that y ∈ JG(ek) and therefore JG(ek) = C
n,
for every k = 1, . . . , n. 
Proof of Proposition 1.6. Since (e′1, . . . , e
′
n) is a basis of C
n, there exists
i0 ∈ {1, . . . , n} such that e
′
i0
∈ C∗ × Cn−1. As V = U = C∗ × Cn−1 and
JG(e
′
i0
) = Cn then by Theorem 1.2, G(e′i0) = C
n and hence G is hyper-
cyclic. 
The following questions arose naturally.
Question 1. Find analogous to Theorems 1.2 and 1.5 for the real case?
Question 2. Let 1 ≤ r ≤ n be an integer. Is it true that there exists a
finitely generated abelian semigroup G of Kη,r(C) which is not hypercyclic
such that JG(ek) = C
n for every k = 1, . . . , n? Similarly for Rn?
Notice that for r = n, this question is answered positively (Theorem 1.5)
However, for r = 1, it is answered negatively (Proposition 1.6).
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